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leation in Inhomogeneous Media II: Nu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We investigate the inuene of a shear ow on the proess of nuleation. Mesosopi nonequilib-
rium thermodynamis is used to derive the Fokker-Plank equation governing the evolution of the
luster size distribution in a metastable phase subjeted to a stationary ow. The presene of the
ow manifests itself in the expression for the eetive diusion oeient of a luster and introdues
modiations in the nuleation rate. The impliations of these results in ondensation and polymer
rystallization are disussed.
I. INTRODUCTION
In Paper I
1
of this series we used mesosopi nonequilibrium thermodynamis (MNET) to analyze the eet of the
inhomogeneities of the medium on nuleation. Another interesting ase in whih the medium may exert an inuene
on the nuleation proess arises from the presene of ows or stresses in the system. This fator is speially relevant
in rystallization, whih often involves mehanial proessing of the melt, suh as extrusion, shearing or injetion
that may aet the rystallization proess drastially. Therefore it is desirable to implement a model that takes these
mehanial inuenes into aount in a orret and onsistent way. Several models have been proposed to apture
some features of phase transitions under shear ow
2
but until now, there has been no theory providing a omplete
desription of rystallization under these onditions.
The objetive in this paper will be to analyze preisely the possible eets of mehanial stress in nuleation and
rystallization, fousing on the simplest inuene. To that end, we disuss the ase of nuleation in the presene of a
stationary ow, whih for simpliity is hosen to be a shear ow. MNET
3,4
will be used to derive the kineti equation
governing the dynamis of nuleation in the presene of a shear ow, whose inuene on vapor-phase nuleation and
polymer rystallization will be evaluated qualitatively.
It is worth pointing out that the presene of the ow destroys the isotropy of the system, and leads to a distintion
between diusion in dierent diretions. Moreover, it introdues spatial inhomogeneities, whih indue spatial, and
veloity and temperature uxes. Coupling between these urrents may be very important, and onsequently the
evolution of the probability density, veloity and temperature elds will be governed by a highly oupled set of kineti
dierential equations. These equations an be derived within the general framework of MNET
3,4
, following the steps
developed in paper I of this series
1
. For illustrative purposes, it is best to restrit the analysis to eets originating
purely from the presene of the ow. Consequently, for the sake of simpliity, we assume isothermal onditions.
The paper is organized as follows. In Setion II, we derive the Fokker-Plank equation governing the evolution
of the size and veloity distributions of the emerging lusters in the presene of stationary shear ow. In Setion
III, we simplify the desription, fousing on the diusion regime. We thus obtain the kineti equation governing
nuleation in the presene of a stationary ow. The impliations of our results for nuleation experiments and in
polymer rystallization are disussed briey in Setion IV. Finally, we summarize our main onlusions in Setion V.
II. NUCLEATION IN A STATIONARY FLOW
Consider a metastable phase in whih the emerging lusters (liquid droplets or rystallites) are embedded. Assume
that this phase ats as a heat bath imposing a onstant temperature on the system. Following the sheme developed
in Paper I
1
, the goal of this setion is the derivation of the kineti equation that desribes nuleation in the presene of
a shear ow. For this purpose, we will work within the framework of MNET. To aount for spatial inhomogeneities,
we perform a loal desription in terms of f(n,x,u, t)/N , the probability density of nding a luster of n ∈ (n, n+dn)
moleules at position x ∈ (x,x+ dx), with veloity u ∈ (u,u+ du), at time t.
The starting point is the Gibbs equation for the entropy variation of this system with respet to a referene state.
In this situation, the referene state is a stationary one haraterized by a steady shear ow veloity prole v0(x).
Assuming loal equilibrium, the entropy variation is given by the Gibbs equation (see Appendix I) as
2Tρδs = ρδe+ pρδρ−1 − ρ
∫
µδc dndu. (1)
Here s(x, t) and e(x, t) are the loal entropy and energy per luster, respetively, p(x, t) is the hydrostati pressure,
ρ(x, t) is the total number of lusters per unit of volume, µ(n,x,u, t) is a non-equilibrium hemial potential, and
c(n,x,u, t) = f(n,x,u, t)/ρ is the number fration of lusters. Eq. (1) remains valid within an element of mass
following the enter of mass motion of the luster `gas'
5
. The expliit expression for the hemial potential an be
obtained, as in paper I, by omparison of the Gibbs equation (1) with the Gibbs' entropy postulate
5
, yielding
µ(n,u,x, t) = kBT ln
f
fleq
+ µleq(x), (2)
where µleq(x) denotes the loal equilibrium hemial potential, whih is independent of the n and u, and fleq is the
loal equilibrium distribution funtion orresponding to the referene state, a funtion given by
fleq(n,u,x) = exp
(
µleq − C(n, u)
kBT
)
. (3)
The quantity C(n,u) denotes the free energy of formation of a state desribed by the internal variables (n,u, ), and
is given by
C(n,u) = ∆G(n) +
1
2
m(n)(u− v0)
2, (4)
where ∆G(n) represents again the energy of formation of a luster of size n at rest and the seond term is its kineti
energy with respet to the steady state veloity prole v0.
The next step toward obtaining the Fokker-Plank equation, is the formulation of the onservation laws for the `gas'
of lusters. In the absene of external body fores, the distribution funtion obeys the following ontinuity equation
∂f
∂t
= −u · ∇f = −
∂
∂u
· Ju −
∂Jn
∂n
, (5)
whih introdues the phase spae urrent Ju, arising from the interation of the lusters with the surrounding
metastable phase.
In order to derive the entropy balane equation, we also need the expression for the variation of energy with respet
to its value at the stationary state. The presene of the external ow is responsible for the appearane in that equation
of a term for `visous heating', that gives rise to variations in the temperature eld. To maintain isothermal onditions,
and following ideas introdued previously in the implementation of the so-alled `homogeneous shear'
6,7
, we assume
the existene of a loal heat soure apable of removing heat generated in the proess. Under this assumption, the
energy of a volume element remains onstant along its trajetory so that its balane equation an be omitted in the
following analysis.
Introduing into the Gibbs equation (1) the equation for number fration
ρ
dc
dt
= −∇ · f(u− v0)−
∂
∂u
· Ju −
∂Jn
∂n
, (6)
derived in Appendix II, we obtain, after some straightforward algebrai manipulations, the entropy balane equation
ρ
ds
dt
= −∇ · Js + σ, (7)
where the entropy ux Js is given by
Js = −kB
∫
f(lnf − 1)(u− v0)dndu−
1
T
∫
C(n,u)f(u− v0)
2dndu, (8)
3and the entropy prodution, σ, whih must be positive aording to the seond law of thermodynamis, is
σ = −
1
T
∫
Ju ·
∂µ
∂u
dndu−
1
T
∫
Jn
∂µ
∂n
dndu
−
1
T
∫
f (u− v0) · ∇
(
1
2
m(n)(u− v0)
2
)
dndu. (9)
In order to obtain the entropy ux we have additionally employed the identity
∫
∇ · ((u− v0)f) ln f dndu = ∇ ·
∫
(u− v0)f(ln f − 1) dndu−ρ∇ · v0 , (10)
and have omitted, in the entropy prodution, the term−(kBρ −
p
T
)∇ · v0 arising from the bulk visosity, whih, in
general, is negligibly small.
The entropy prodution an be interpreted as a sum of onjugate fores-uxes pairs. In the present situation, the
fores are − 1
T
∂µ
∂u
, − 1
T
∂µ
∂n
, and − 1
T
∇
(
1
2
m(n)(u− v0)
2
)
while their onjugated uxes are the veloity ux Ju, the ux
in size spae Jn, and the relative spatial urrent Jx ≡ f(u− v0), respetively.
The next step is the formulation of oupled linear phenomenologial equations relating these uxes and fores. The
situation under onsideration presents some subtleties. Spatial and veloity urrents have the same tensorial rank
(they are both vetors) whih implies that, in general, they must be oupled. Moreover, the presene of shear ow
destroys the isotropy of the system by introduing a speial diretion. Consequently, in general, phenomenologial
oeients are expeted to be tensors. In addition, loality in the internal spae will again be assumed . Taking these
onsiderations into aount, the expressions for the urrents are
Jx = +
m
T
Lxx · ∇v0 · (u− v0) +
1
T
Lux ·
∂µ
∂u
, (11)
Ju = −
1
T
Luu ·
∂µ
∂u
+
m
T
Lux · ∇v0 · (u− v0), (12)
Jn = −
1
T
Lnn
∂µ
∂n
, (13)
where we have used the Onsager reiproal relation
Lux = −Lxu , (14)
as well as the result
∇
(
1
2
m(u− v0)
2
)
= −m∇v0 · (u− v0). (15)
It is useful to redene the phenomenologial oeients in a more onvenient way. By identifying Dn ≡
kBLnn
f
as
the diusion oeient in n-spae, whih in turn an be identied with k+(n), the rate of attahment of monomers
to a luster, while introduing the frition tensors
−→−α = mLuu
fT
and
−→−
ζ = mLux
fT
as well as the expliit form of the
hemial potential, equation (2), the urrents Ju and Jn an be written as
Ju = −f
[
−→−α +
−→−
ζ · ∇v0
]
· (u− v0)−
−→−α
kBT
m
·
∂f
∂u
, (16)
Jn = −Dn
(
∂f
∂n
+
1
kBT
∂C
∂n
f
)
. (17)
Introdution of these expressions for the urrents into the ontinuity equation yields
4∂f
∂t
= −u · ∇f +
∂
∂n
[
Dn
(
∂f
∂n
+
1
kBT
∂C
∂n
f
)]
+
+
∂
∂u
·
([
−→−α +
−→−
ζ · ∇v0
]
· f(u− v0) +
−→−α
kBT
m
·
∂f
∂u
)
, (18)
whih is the Fokker-Plank equation desribing the evolution of the inhomogeneous density distribution of lusters in
the presene of steady ow.
III. BALANCE EQUATIONS IN THE DIFFUSION REGIME
The Fokker-Plank equation, Eq. (18), we have derived retains information onerning the evolution of the luster
veloity distribution. Although the movement of lusters may play a signiant role in the nuleation proess, as
disussed in Ref.
8
, veloity dependenes an hardly be measured beause veloity distribution relaxes to equilibrium
so rapidly. Therefore, as disussed in Paper I, a simplied desription of the proess an be provided, by oarse-
graining the dependene on the veloity variables. The relevant quantities are then the dierent moments of the
distribution funtion, namely the density of lusters
fc(n,x, t) =
∫
f(n,x,u, t)du , (19)
the oarse-grained veloity of the lusters
vc(n,x, t) = f
−1
c
∫
ufdu , (20)
and the seond moment
P =
∫
f(u− vc)(u− vc)du, (21)
whih is related to the kineti denition of the pressure tensor
5,9,10
.
Proeeding along the lines of Setion III of Paper I, integration of Eq. (18) over veloities leads to the orresponding
balane equations, namely
∂fc
∂t
= −∇ · fcvc −
∂
∂n
∫
Jndu , (22)
for the density of lusters in n-spae,
fc
dvc
dt
= −∇ · P − B · fc (vc − v0)−
∫
(u− vc)
∂
∂n
Jndu, (23)
for the momentum, and
d
dt
P = −∇ · Q − 2(P · ∇vc)
s − P∇ · vc − 2 (B · P)
s
− 2kBT
m
fc
(
−→−α
)s
−
∫
(u− vc)(u− vc)
∂
∂n
Jndu, (24)
for the pressure tensor, where Q is, as in paper I1, the kineti part of the heat ux and B ≡
−→−α +
−→−
ζ · ∇v0.
A remarkable feature of these equations is the fat that the balane equation for the pressure tensor, Eq. (24),
is similar to the one obtained for the thirteen moment approximation to the Boltzmann equation
10
. It is thus
worth pointing out that the mesosopi nonequilibrium thermodynami treatment of the problem has been able to
5reover results similar to those of kineti theory. In partiular, inertial regimes and relaxation equations for the
main quantities an be obtained within this framework. This result reinfores the fat that appliation of the well-
established postulates of non-equilibrium thermodynamis as indiated in Ref.
5
, sues to provide a general sheme
under whih non-equilibrium proesses of both marosopi and mesosopi nature an be treated.
The seond term on the right hand side of the momentum balane equation an be identied with the fritional
fore per unit mass exerted on the luster suspended in the host uid. B plays the role of the frition tensor. The
modulus of this tensor again determines the harateristi time sale for the relaxation of the veloities. In general,
suh a frition tensor an be alulated from hydrodynamis; however, for the sake of simpliity, we approximate this
tensor by B ≃ β1, the Stokes diagonal frition. This identiation leads to ~~α = β1−
−→−
ζ · ∇v0.
The inverse of the frition oeient β−1 again shows the separation of the dynamis of the system into a short-time
inertial regime and the longer time diusional regime. For times t > β−1 the system enters the diusional regime. In
this situation, inertial eets manifested through the presene of the time derivative
dvc
dt
an be negleted. Moreover,
the ontribution arising from the urrent Jn in the veloity relaxation an be negleted sine the rate of relaxation of
veloities is usually faster than that of luster sizes determined by Dn.
The results derived thus far are valid for any stationary ow prole v0. However, to proeed further, and for the
sake of simpliity, we will fous on the partiular interesting ase of a shear ow.
Proeeding along the lines indiated in Paper I and in Ref.
11
, we nd that, in the diusion regime, the expression
for the pressure tensor with a shear ow present, is
P =
kBT
m
fc
[
1−
(
β−1
(
1+
−→−
ζ
)
· ∇v0
)s]
. (25)
From this equation, we onlude that Brownian motion of the partiles ontributes to the total pressure tensor of the
suspension in two ways. The rst ontribution is the well-known salar kineti pressure given by
p =
kBT
m
fc, (26)
whih is the equation of state for an ideal `gas' of lusters. The seond ontribution omes from the irreversible part
Π0 of the pressure tensor, a part that an be written in the form
Π0 = −D0fc
[
(1+
−→−
ζ ) · ∇v0
]0
, (27)
where D0 =
kBT
mβ
is the diusion oeient of the luster for the liquid at rest, and the supersript 0 indiates a
symmetri traeless tensor. This last equation denes the Brownian visosity tensor
~~ηB = D0fc(1+
−→−
ζ ), (28)
whih ontains the Brownian visosity D0fc
12
, and the ontribution due to oupling with the non-equilibrium bath,
proportional to
−→−
ζ .
Inserting the expression for the pressure tensor in the veloity balane equation (23), and taking the diusion limit
for the luster urrent we obtain
JD = fcvc = −D · ∇fc + fcv0 (29)
where
D = D0
[
1−
(
β−1
(
1+
−→−
ζ
)
· ∇v0
)0]
(30)
an be identied with the spatial diusion oeient, whih in this situation possesses tensorial harater. Using Eqs.
(28) and (26), D an be rewritten as
D = D0

1−
(−→−η B
p
· ∇v0
)0 . (31)
6Inserting this expression into the equation for the density, Eq. (22), one nally obtains
∂fc
∂t
= −∇ · (fcv0) +∇ · (D · ∇fc) +
∂
∂n
(
Dn
∂fc
∂n
+
Dn
kBT
∂∆˜G
∂n
fc
)
, (32)
whih is the kineti equation for nuleation in presene of a shear ow in the diusion regime, and where, as disussed
in Paper I, ∆˜G(n) is the eetive nuleation barrier in the diusion regime given by
∆˜G(n) = ∆G(n) +
3
2
kBT lnn, (33)
IV. INFLUENCE OF SHEAR FLOW IN NUCLEATION AND CRYSTALLIZATION
In this setion, we analyze the onditions under whih mehanial stress that ause a shear ow in the system,
may inuene the nuleation proess. Obviously, a shear rate modies transport and results in alterations in density,
pressure and temperature proles. To isolate the inuene of mehanial stress, heat and mass transfer will be
negleted. The fous will be on the diret eet of ow on nuleation rate, in both ondensation and rystallization,
with speial emphasis on polymer rystallization.
A. Inuene on Condensation
As shown in the previous setion, an important inuene of ow on nuleation is exerised through its eet on the
diusion oeient as exhibited by Eq. (31). Typially, nuleation rates J are given by13,14
J ∼ k+(n∗)e
−
∆˜G(n∗)
kBT , (34)
where k+(n) is the rate of attahment of moleules to a n−luster, and ∆˜G(n∗) is the height of the nuleation barrier
(i.e. the free energy of formation of the ritial luster of size n∗). The signiane of the modiation of the diusion
oeient lies in the fat that the rate of attahment of moleules to the nuleus, k+, and thus the pre-exponential
fator in the nuleation rate, Eq. (34), is roughly proportional to the the diusivity of moleules
15
. The fat that
the diusion oeient ould be altered by the ow implies that the nuleation rate is modied aordingly. The
modiation, presribed by Eq. (31), depends on the shear rate, the pressure and the visosity, and its magnitude is
expeted to be important when
η
p
|∇v0| ≥ 1, (35)
i.e., for high enough values of visosity, and shear rate, and for low pressures.
To be more preise, let us estimate the magnitude of the orretion for a typial experiment in a laminar ow diusion
loud hamber
16
. Representative values of the shear rates, the pressure and the visosity in these experiments are
∇v0 ∼ 10
3 s−1, p ∼ 104 dyn/cm2, and η ∼ 10−4 poise. These numbers yield an approximate value of 10−5 for the
order of magnitude of the orretion introdued by the shear. Consequently, in this range of values, neither diusion
nor the nuleation rate are signiantly altered by shear.
B. Inuene in Polymer Crystallization
Whereas in ondensation under normal onditions, the modiation of the diusion oeient due to the shear
ow is in general negligible, this is not the ase in rystallization and speially in polymer rystallization. The
presene of ow aets rystallization in dierent ways. On the one hand, nuleation rates an be diretly modied
by ow. Typial values of shear and injetion rates, and of the mehanial stress applied to a polymer melt during
rystallization are usually rather large. In addition, the visosity of the superooled melt an also be very large,
7speially near the glass transition. In this situation, the adjustment of the diusion oeient, given by Eq. (31), an
be very signiant and thus modify the nuleation rate dramatially.
On the other hand, the symmetry breaking inherent in the ow auses the diusion oeient to no longer be a
salar and to develop a tensorial nature. The rate of the proess then depends on diretion so that nuleation, and
speially the rystal growth, are no longer isotropi.
Finally, another important fator to be onsidered is that ow also indues stress on the surfae of the luster that
may fragment droplets that beome large enough
17,18
. This eet an be easily inorporated into our desription by
inluding in the free energy of luster formation the additional energeti ost assoiated with the shear stress.
V. CONCLUSIONS
The main objetive of this paper has been the analysis of the kinetis of nuleation and rystallization when the
metastable phase is subjeted to a ow resulting from appliation of mehanial stress. Using MNET, the kineti
equation that desribes the evolution of the luster size distribution in a stationary ow was derived. For simpliity,
our results were speiallized to the ase of a shear ow, and its inuene on ondensation and rystallization was
evaluated.
The main eets that a shear ow exerts on nuleation an be summarized as follows. First, suh ow alters
transport and onsequently the evolution of the luster distribution funtion, that among other things, determines
nuleation and growth rates. Seond, ow hanges the luster spatial diusion oeient in aordane with equation
(30). Typial values of the parameters ontrolling this adjustment indiate that the eet is not very important in
ondensation. However, high visosity and other peuliarities of polymer rystallization suggest that a shear may
promote drasti hanges in the proess. The formalism developed in this paper an help to explain experimental
results of polymer rystallization under shear
19
. However, quantitative predition is limited, for the moment, by the
unavailability of the magnitudes of the physial parameters required in alulation. Measurement of these parameters
has to be performed before a omplete haraterization of the eet of ow, using our theory, on the kinetis of
polymer rystallization an be expliitly evaluated.
As indiated, the main objet of this paper has been the analysis of the eets that ow by itself may indue on
the nuleation proess. For this purpose, isothermal onditions were assumed. A more omplete and more realisti
treatment that models mehanial proessing of the melt may be arried out by inorporating thermal eets and
their oupling to the shear ow, in the manner disussed in Paper I.
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8Appendix A
Loal Thermodynami Relations
The Gibbs equation for a multiomponent thermodynami system is
5
TδS = δE + pδV −
∑
µδN. (36)
In the ontinuous limit this expression beomes
TδS = δE + pδV −
∫
µδN(n,u) dndu, (37)
where dierent values of n and u denote the equivalent of dierent speies, and N(n,u)dndu represents the number
of partiles of a given speies.
Now onstrut the loal version of Eq. (37). For this purpose, we will desribe the system in terms of f(n,x,u, t),
the number density of lusters of size n ∈ (n, n+ dn) at x ∈ (x,x + dx), having veloity u ∈ (u,u+ du), at time t.
We dene the spei thermodynami quantities s, e, v, and c as follows
S =
∫
sρdx (38)
E =
∫
eρdx (39)
V =
∫
1dx =
∫
vρdx (40)
N(n,u) =
∫
fdx =
∫
cρdx (41)
where ρ(x, t) =
∫
f dndu is the number density of lusters per unit volume at x, while v = ρ−1, and c = f
ρ
.
Using these quantities, the loal expression of the Gibbs equation beomes
Tδ(ρs) = δ(ρe) + pδ(1)−
∫
µδf dndu, (42)
whih is the form used in Paper I.
Alternatively, this equation an be written as
Tρδs− ρδe− pρδρ−1 + ρ
∫
µδc dndu+
(
Ts− e− pρ−1 +
∫
µc dndu
)
δρ = 0, (43)
whih, using the denition of the Gibbs energy to anel the last term, redues to
Tρδs = ρδe+ pρδρ−1 − ρ
∫
µδc dndu. (44)
whih is the expression employed in the present paper.
9Appendix B
Balane Equation for the Number Fration
Integration of Eq. (5) with respet to the luster veloity u and size n, leads to the marosopi equation of
ontinuity, whih an be written in the form
dρ
dt
= −ρ∇ · v, (45)
where ρ(x, t) is the density of the luster `gas', given by
ρ(x, t) =
∫
f dndu. (46)
In Eq. (45),v(x, t) is the average veloity of the Brownian partiles dened by the expression
ρv(x, t) =
∫
uf dndu, (47)
and where the total derivative is
d
dt
≡
∂
∂t
+ v · ∇. (48)
Using the ontinuity equation, Eq. (5), and Eq. (45), one obtains the equation for the number fration
ρ
dc
dt
=
df
dt
−
f
ρ
dρ
dt
= −∇ · f(u− v)−
∂
∂u
· Ju −
∂Jn
∂n
. (49)
Under the assumption of loal equilibrium , the average veloity v oinides with the veloity of the referene state,
i.e. v = v0, thus leading to Eq. (6).
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